ABSTRACT: By representing a genus one curve as a plane curve with five double points, we are able to construct a 3-parameter family of genus one curves over Q with Jacobians having a torsion subgroup isomorphic to Z5. This leads, by specializing the parameters, to elliptic curves over Q of the Mordell-Weil group with high rank and with a torsion subgroup isomorphic to Z5. We also show this family contains as a subfamily the principal homogeneous space parameterizing elliptic curves with a rational point of order 5, namely X1(5). We explicitly describe these families by equations in the Weierstrass form.
BASIC CONSTRUCTION
Let S = {P 0 , P 2 , . . . , P 4 } be a set of 5 points in the projective plane P 2 (F ) with the property that no three are co-linear, we call such a set in general position. Although most of the results hold over an arbitrary field F , for our interests and for simplicity we assume F is a subfield of the complex numbers or even just the rational numbers. A plane quintic having only ordinary double points at the points P i has geometric genus 1 2 (5 − 1)(5 − 2) − 5 = 1 (see Ref. 1) . On the other hand we have the following lemma.
Lemma 1
The vector space of quintic forms in three variables with double points on S has dimension 6.
Proof : The vector space of degree n forms in k + 1 has dimension n+k k , because this is the number of combinations of n elements (with repletion) which can be taken from a set of k + 1 elements. Hence the dimension of the vector space of all quintic forms in 3 variables is 21. Now to have double points on S, each point of S imposes 3 independent linear conditions, namely the vanishing of the first order partial derivatives which, by Euler's formula, implies the vanishing of the form (see Ref. 1 for more details). Hence the dimension of the vector space of quintic forms with double points on S is 21-15 = 6. We now find a basis for this vector space. For i = 0, 1, . . . , 4 let L i be the line through P i and P i+1 and K i be the line through P i and P i+2 where the indices are considered modulo 5. Using the same symbols to denote the line equations, the product of each set of linear forms is a quintic which will be denoted as follows.
Definition 1 Given a set S ⊆ P 2 of 5 points in general position, a union of five lines described above is called a pentagon on S and we refer to the points of S as its vertices.
Given a set S of five points in general position, the following facts are immediate: (i) If P is a pentagon then the union of the remaining 5 lines is also a pentagon on S which will be called the pentagon opposite to P and is denoted by P op . (ii) There are exactly 12 pentagons on S which come in 6 pairs of the form (P, P op ). (iii) P and P op meet outside the set S in exactly five points giving the set T = {q 0 , q 2 , . . . , q 4 }. We will use the following notation. For i = 0, 1, . . . , 4, q i is the point of intersection of L i and K i+2 , where again the indices are taken mod 5. If we fix a form for each of the 12 pentagons then the following lemma shows in particular that these 12 forms generate the vector space of quintic forms with double points on S.
Lemma 2 Let S be a set of five points in general position. There is a set of 6 pentagons on S so that their defining forms are linearly independent. Hence these forms generate a vector space of quintic forms with double points on S.
Proof : Let S = {P 0 , P 1 , P 2 , P 3 , P 4 } and P be a pentagon on S. Let
be a defining form for the pentagon P so that L i is the form defining the line through P i and P i+1 (i = 0, 1, . . . , 4 and the indices are taken mod 5). Then we can write
for the opposite pentagon so that K i is the form defining the line through P i and P i+2 (i = 0, 1, . . . , 4 and the indices are taken mod 5). We claim that the following forms are linearly independent:
To see this, suppose we have a linear relation
By evaluating the left-hand side of the equation at the point of intersection of the lines L 0 and K 2 we find that a 3 = 0, since all the forms A i where i = 3 vanish at this point and A 3 = 0 there. Then put a 3 = 0 and evaluate at the point of intersection of the lines L 3 and K 0 to get a 4 = 0. Similarly, putting a 3 = a 4 = 0 and evaluating at the point of intersection of the lines L 4 and K 2 implies that a 5 = 0. Continue in this pattern to see that the evaluation at the point of intersection of L 4 and L 2 implies that a 6 = 0. Finally, it follows that a 1 = 0 and hence the forms A i are linearly independent. We will consider the family of curves given by the equation
where µ is a non-zero rational number. IfQ is the normalization of Q thenQ is genus one curve and the space of holomorphic differentials onQ has a nice general description given by the following lemma.
Lemma 3 Let the curve Q have affine equation q(x, y) = 0, and let the coordinates are chosen so that q y does not vanish identically. LetQ be the normalization of Q, then the space of holomorphic differentials onQ is generated by the differential form:
where g(x, y) is the corresponding affine equation for the conic G through the points of S.
Sketch of proof
We only give a sketch of the proof, for more details see Ref. 1 p. 360. First to avoid complications discussing points at infinity, write ω using homogenous coordinates, i.e., x = X/Z, and y = Y /Z. Then ω has the homogenous form
MAIN RESULTS
To select our five points forming S, we note the following result about points in general position.
Proposition 1
The divisors of degree zero supported on the five points of T represent 5-torsion in the Jacobian of Q.
Proof : We show that the points q i for i = 0, 1, . . . , 4 are 5-torsion points by explicitly finding rational functions f ij such that div(f ij ) = 5q i − 5q j . Using the lines L i and K i , we have the following intersection cycles
where the indices are taken mod 5 for i = 0, 1, . . . , 4. It follows that we have the divisor
Adding 1 (mod 5) to the indices of the lines of the rational function on the left we get a rational functions f ij with following divisors
The remaining desired rational functions are found by multiplying or dividing these five rational functions.
Since any four points (with no three are collinear) in P 2 are projectively equivalent to the points p 0 = www.scienceasia.org (0 : 0 : 1), p 1 = (1 : 0 : 1), p 2 = (0 : 1 : 1), and p 3 = (1 : 1 : 1). We will choose for S the points p 0 , p 1 , p 2 , p 3 , and p 4 = (a : b : 1). Now for i = 0, 1, . . . , 4 the affine forms for the lines L i are given respectively by y, −x + 1 − y, y − 1, x−xb+b−y+ay−a, and xb−ay. On the other hand, the affine forms for the lines K i are given respectively by −x, −x+1, x−xb+ay−a, x−y, and xb−ay+y−b. So that the curve Q is now given by the affine form
Now by construction we have the following theorem.
Theorem 1
The above affine form defines a genus one curve Q over the field Q(a, b, t) whose Jacobian contains 5-torsion subgroup represented by the points q 0 , q 1 , q 2 , q 3 , and q 4 with coordinates given respectively by
We show now that this family 'contains' X 1 (5).
Theorem 2 With the substitutions a = 2 and b = 3, the above defines a genus one curve Q over the field Q(t) whose Jacobian is the modular elliptic curve X 1 (5).
Proof : Using maple software we calculated the Jacobian in Weierstrass form 
Now going back to the curve Q that represents an infinite 3-parameter family of genus one curves over Q. By specializing the parameters, we modify this family and get other families with more rational points on them. Indeed a simple way to do this is by basically substituting the coordinates of any point (x, y) and solving the parameter t in terms of a and b.
For example, using the affine point (3,2) will produce a 2-parameter family given by the affine form
By another rational point substitution, say (1,13), for (x, y) and solving for b in terms of a, the result is a 1-parameter family given by the form y(−x + 1 − y)(y − 1)(x − 13xa + 12a − y + ay)
Now this family has lots of smooth rational points. Using Mazur's classification of the Mordell-Weil groups of rational points on an elliptic curve 2 , one concludes that the Jacobian of the above curve over Q(a) has positive rank and a subgroup of the torsion points isomorphic to Z 5 . We then use the program MAPLE to calculate the Jacobian and represent it by the following Weierstrass form. From the above construction and the fact that the specializing map is an injective group homomorphism for infinitely many values of the parameter, see Ref. 3 , we have the following theorem.
Theorem 3
The elliptic curve over Q(a) with equation given by the above form has Mordell-Weil group with rank at least one and a torsion subgroup isomorphic to Z 5 . Thus by specializing rational values for a we have produced infinitely many elliptic curves over Q with Mordell-Weil group having torsion subgroup isomorphic to Z 5 and rank at least 1.
